JZS-A Volume 22, Issue 2, December 2020

Journal of Zankoy Sulaimani
Part-A- (Pure and Applied Sciences)
http://jzs.univsul.edu.iq

On Weakly Pure Submodules of Locally Multiplication
Modules

Adil Kadir Jabbar' and Pery Karim Hussein '

1Department of Mathematics, College of Science, University of Sulaimani, Sulaimani, Kurdistan Region, Iraq
*Corresponding author’s e-mail: peryarina@gmail.com

Article info Abstract
Original: 17 February In this paper, the definition of B —weakly pure submodule is introduced and studied
2029 and also weakly pure submodules of locally multiplication modules are studied and some
Revised: 5 September properties that concern this type of modules in locally multiplication modules are proved.
2020 . . e

In addition, several properties of multiplication modules have been extended to locally
Accepted: 26 September R . .
2020 multiplication modules and some relations that concerning weakly pure submodules and
Published online: 20 B —weakly pure submodules are obtained.
December 2020

Key Words: Weakly pure
submodules, multiplication
modules, locally
multiplication modules,
faithful modules and

B —weakly pure
submodule

1. Introduction

In 2004, M. M. Ali and D. J. Smith have been studied pure submodules of multiplication modules [10], they
obtained some properties and some relations of pure submodules with some other types of submodules. In 2010,
L. H. Jahromi and A. Khaksari have been studied weakly pure submodules of multiplication modules [8], which
are generalizations of pure submodules and they proved several properties of this type of submodules. Also, in
2011, A. Khaksari has been studied weakly pure submodules of multiplication modules [4], and in 2014, B. N.
Shihab, H. Y. Khalaf and L. S. Mahmood have been studied purely and weakly purely cancellation modules [6]
and they proved some properties of each one and obtained some relations between them. In this paper we study
weakly pure and B —weakly pure submodules of locally multiplication modules.

Throughout this paper, R is a commutative ring with identity and M is a left R —module, unless otherwise
stated. Let @ # S C R, then S is called a multiplicatively system if 0 € S and a, b € S implies that ab € S [7]. If
S is a multiplicatively system in R, then we denote the localization of R at S by Rg (or R™1A [7]), which is the
ring Rg = {g :7 € R,s € S} [7] and it is called the localization of R at S. If P is a prime ideal of R, then one can
easily get that R \ P is a multiplicatively system in R and in this case, we denote the localization of R at R \ P

by Rp, so that Rp = {%: a € A,p € P}. A proper ideal A of R is called a Boolean ideal if every element of A is
idempotent [4]. A proper submodule K of M is called a pure submodule of M, it AK = KNAM, for every ideal A
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of R and it is called weakly pure, if AK = KNAM, for every Boolean ideal A of R [4]. M is called a
multiplication R —module, if L is any submodule of M, then L = AM, for some ideal A of R [14] and it is called
locally multiplication, if Mp is a multiplication Rp —module for each prime ideal P of R. K is called a prime
submodule of M, if r € R,m € M such that rm € K, thenm € K or rM € K [4] and it is called weakly prime, if
r€R,m€ M such that 0 #rm € K, then m € K or rM € K [13] and M is called a prime module, if the zero
submodule of M is a prime submodule of M [13]. If N is a submodule of M, then Sy,(N) = {r € R:rx € N, for
some x € M \ N} [12] and if A is an ideal of R, then Sz(A) = {r € R:ra € A, for some a & A} [5]. For a
submodule K of M, (K:M)={r e R:rM S K} and Ann(M) = (0: M) ={r e R:vM =0}. M is called a
finitely generated R —module if there exists a finite set {x;}/~, in M such that M = Rx; + Rx, + --- + Rx,,, and
it is called a cyclic module, if M = Rx, for some x € M [11]. M is called a faithful module if Ann(M) =
(0: M) =0 [9] and M is called a free module if it has a basis. Finally, we mention that in all sections of this
paper, R is a commutative ring with identity, P is a prime ideal of R, S is a multiplicative system in R and M is
an R —module.

2. Some Preserved Properties of Ideals and Submodules in Locally Multiplication Modules

In this section, we look for those properties of ideals and submodules which are preserved under localization.
The first result of this section shows that under certain condition on multiplicative systems localization of
Boolean Ideals are Boolean.

Theorem 2.1. Let A be a Boolean ideal of R such that SR(A)NS = @, then Ag is a Boolean ideal of Rs. In
particular, if Sg(4) € P, then Ap is a Boolean ideal of Rp.
Proof. If Ag = Rg, then by [7, Proposition 3.5], we have ANS # @ and as A S Sz(4), we get SR(A)NS # @,

which is a contradiction, so that Ag is a proper ideal of Rg. Let% € Ag, where a € R, s € S, then we have qa € A,

for some q € S. If a € A, then q € Sg(A), which contradicts the fact that SR (A)NS = @, so that a € A and then

a _sa__s?a® _a’> _a

. a 2 a
sa € A. As, A is Boolean, we get s?a? = (sa)?> =saand a® =a, then ()2 == === = = )
) g ( ) > (S) Sz Sz S3 53 s s

Hence, Ag is a Boolean ideal of Rg. The proof of the second part follows directly by taking S = R\P.

Next, we show that every submodule of a localization module at certain type of multiplicative systems is a
localization of a submodule of the module itself.
Theorem 2.2. Let N be a submodule of Mg. Then N = N, for some submodule N of M with Sy, (N)NS = @.
Furthermore, if N is proper, then N is proper. In particular, N = Np, with Sy;(N) € P.
Proof. Let s € S and set N = {x € M: % € N}. It can be easily shown that N is a submodule of M. Let % EN,

t J— J—
where x € M,t € S, then % = f% € N, so that x € N and thus % € Ns. Hence, N € Ns5. Now, let % € N, then

qx € N, forsome q € S, thenS(Z—x) € N. Now, we have§= E%% = %%x) €N, so that Ng © N. Hence, N = Ng.

sa _ psa

If Sy (N)NS # @, then there exists p € S and p € Sy (N), then pa € N, for some a € N. Then, ~ = =

ps
—S(:Sa) € Ng = N, so that we get a € N, which is a contradiction. Hence, Sy;(N)NS = @. If N = M, then clearly,

we have N = Ng = Ms, so that N # M and that N is proper. The proof of the second part follows directly by
taking S = R\P.
Now, by considering R as an R —module we can prove the same property of Theorem 2.2 for ideals.

Theorem 2.3. If A is an ideal of Ry, then A = Ag for some ideal A of R with Sg(A)NS = @, where A = {a €
R: % € Z}, for some s € S. Furthermore, if A is proper, then 4 is proper. In particular, A = Ap with Sz(4) € P.
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Proof. The proof follows directly by considering R as an R —module in Theorem 2.2 and for the second part
take S = R \ P in Theorem 2.2.

In the next result, we show that every Boolean ideal of a localization ring at certain type of multiplicative
systems is a localization of a Boolean ideal of the ring itself.

Theorem 2.4. Let Sz(0)NS = @. If A is a Boolean ideal of Rs, then A = Ag and Szx(A)NS = @, for some
Boolean ideal A of R. In particular, if Sg(0) € P, then A = Ag and Sgx(A) € P.
Proof. By Theorem 2.3, we have A = Ag, where A = {r € R:% € A} is an ideal of R with Sz(A)NS = @. To

s?x?

s2

show that, A is a Boolean ideal. Let, x € A be any element, then we have, % €EA= Ag, then we get

(%)2 = % this last equation can be reduced to t(x? — x) = 0, for some t € S. If x?2 —x # 0, then t € Sz(0),

which contradicts the fact that Sz (0)NS = @, so that x% — x = 0, thus x? = x. Hence, A is a Boolean ideal of R.
The proof of the second part follows directly by taking S = R\P.
Next, we give a condition which makes the localization of a weakly pure submodule as weakly pure.

Theorem 2.5. If N is a weakly pure submodule of M such that Sz(0)NS = @, then Ng is a weakly pure
submodule of Ms. In particular, if Sg(0) € P, then Np is a weakly pure submodule of Mp.
Proof. Let A be a Boolean ideal of Rg. As, Sg(0)NS = @, by Theorem 2.4, there exists a Boolean ideal A
of R such that A = Ag and since, N is a weakly pure submodule of M, so AN = NNAM. Then, we get ANg =
AgNs = (AN)s = (NNAM)s = NgN(AgMg) = NgN(AM). Hence, Ny is a weakly pure submodule of M. The
proof of the second part follows directly by taking S = R\P.

It is known that, if the localization of an ideal (of a submodule) of a ring (of a module) is the zero ideal (the
zero submodule), then the ideal (the submodule) may not be zero. In the following two results, we prove that
under certain condition the converse of above property is also true.

Theorem 2.6. We have the following.

(1) If K, L are submodules of M such that K S Lg and Sy (L)NS = @, then K S L. In particular, if K¢ = 0 and
Su(0)NS =@, then K = 0.

(2) If A,B are ideals of R such that A¢ € By and Sg(B)NS = @, then A € B. In particular, if Ag =0 and
Sp(0)NS =@, then A = 0.

Proof. (1) Let x € K, then for s € S, we havef € Lg, then tx € L, for some t € S. If x € L, then t € Sy,(L) and

as Sy (L)NS = @, we get t & S, which is a contradiction, so that x € L. Hence, K < L. The proof of the second
part follows by taking L = 0 in (1).
(2) By using the same technique as in (1) and considering R as an R —module, the result follows.
Corollary 2.7. We have the following.
(1) If K, L are submodules of M such that Kp € Lp and Sy (L) € P, then K € L. In particular, if K¢ = 0 and
Sy(0) € P, thenK = 0.
(2) If A, B are ideals of R such that Ap € Bp and Sz(B) € P, then A € B. In particular, if Ag = 0 and Sz(0) <
P,then A = 0.
Proof. The proof follows directly by taking S = R \ P in Theorem 2.6.

Next, we give a condition on multiplicative systems under which the localization of a free module is also free.

Theorem 2.8. Let S (0)NS = @ = Sy (0)NS. If M is free, then My is a free R¢ —module.
Proof. Let {m;}|-; be a basis of M. Take s € S. To show {%}?zl is a basis for M. Let% € Mg, forx € M,p €

x norim; rism; sm;
S, then x = Y-, rym;, for r; € R. Now, o= % = ?=1§LTL' Hence, {T’}?zl generates Mg. Next, let
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?:1%% =0, where r; € R,p; € S, for each i (1 <i < n), then Z?=1% = ?zls% = 0, from which we
1A L 1A

¢ izl POTine _ o 3™ (10 =0, fi teS. If ¥~ (" + 0, th
ge I, p; =0, so that t ,;_;(Ilx+; px)rim; = 0, for some . i=1(Ik=i Pr)Tim; # 0, then

t € Sy (0), which contradicts the fact that Sy (0)NS = @, so that Y-, ([Tr4 Pe)rim; = 0. As, {m;}, is
linearly independent, so for each i, we get ([[j.; pr)7: = 0. Since, Sg(0)NS = @ and [[}.;px € S, so we get
r; = 0, for each i, which gives that, ;—ii = 0, for each i, so that {%}?=1 is a basis for Ms. Hence, Mg is a free
Rg —module.

Now, we give the following corollary to Theorem 2.8.

Corollary 2.9. Let S (0), Sy, (0) € P. If M is free, then Mp is a free Rp —module.
Proof. By taking S = R \ P in Theorem 2.8, the proof follows directly.

It is obvious that for certain types of multiplicative systems the localization of residual of submodules of a
module is the same as the residual of their localizations as in below.
(i) For a submodule N of M with Sy, (N)NS =0 (Sy(N) € P), we have (N: M) = (Ng: Mg) ((N: M)p
(Np: Mp)).
(ii) For a submodule N of M with Sy, (N), Sz(0) € P, we have (Ann(N: M))p = Ann(Np: Mp) (Ann(Np: Mp) =
(Ann(N: M))p).
Theorem 2.10. If A is an ideal of R such that Ag is an idempotent ideal of R and Sz(A?)NS = @, then 4 is

idempotent. In particular, if Ap is idempotent in Rp and Sz (A%) € P, then 4 is idempotent.
Proof. Let A be any idempotent ideal of Rg, then (A)? = A. By, Theorem 2.3, A = Ag, for ideal A = {r €

R:Ss—r € A} of R, for s € S is any element. Then, A = A = (4)? = (45)? = (4%);. Let a € A, then % EA=
(A?)g, then tsa € A?, for some t € S. If a & A?, then ts € Sg(A?)NS, which is a contradiction. Thus, a € A2,
so that A € A%. Hence, A?> = A. The proof of the second part follows directly by taking S = R\P.

3. Weakly Pure and B —Weakly Pure Submodules of Locally Multiplication Modules.

This section is devoted to study weakly pure and B —weakly pure submodules of locally multiplication
modules and determine the relations that combining these two types of submodules but first, we introduce the
following definitions.

Definition 3.1. Let N be a submodule of M. Then we define BY = {A: 4 is a Boolean ideal of R, for which
AM,AN < M and SR(A)NS = @ = Sy (AN)NS}.
Definition 3.2. A submodule N of M is a B —weakly pure submodule of M, if AN = NNAM, for every A € BY.

The following example illustrates the above two definitions.

Example. Now, we give an example of the above definitions. Consider Z,; as a Zg; —module. Take the

submodule N = {6, 2, 4} in Zg (as a Zg —module) and the multiplicative system S = {T, E} in Zg (as aring). The

Boolean ideals of Zg (as a ring) are only, {0} and {0,3}. For the Boolean ideal A = {0}, we have AN =

{6}{ 6,5,2} = {0} and AM = {6}26 = {5} which are submodules of Zg and we have S;_ (A) = 526(6) =

{6,5,5,2} and also SZG(AN) = 526(5) = {6,5,5,2}. Clearly we have SZG(A)ﬂS =@ = st(AN)ﬂS, so that
§={1,5}

{0} € BN:{B,E,Z} and clearly we have NNAM = {6, E,Z}n{ﬁ} = {6} = AN. Next, for the Boolean ideal

A= {5,5}, we have AN = {6,5}{ 6,5,2} = {6} and AM = {6,§ }Z6 = {6,5} which are submodules of Zg
and Sz (A) = 526({6,5}) = {6,5} and also Sz (AN) = 526(6) ={0,2,3,4} and also we have Sz,(ANS =

@:st(AN)ﬂS, so that {6,5}6’352{{16’2;} and clearly we have NﬂAM:{a,ZZ}ﬂ{a,g}ZG:
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{6,2,2}0{6,5} = {6} = AN. Hence, N = {6,5,1} is a B —weakly pure submodule of Zg. By the same
technique as in the above we can show that N = {6, §} is also a B —weakly pure submodule of Z.
Now, we prove that, the submodules which have weakly pure localizations are B —weakly pure.

Theorem 3.3. If N is a submodule of M such that Ng is a weakly pure submodule of Mg, then N is a B —weakly
pure submodule of M.
Proof. Let A € BY so that A is a Boolean ideal of R and S,,(AN)NS = @ = Sz(A)NS, then by Theorem 2.1, we
have Ag is a Boolean ideal of Rg and since, Ng is a weakly pure submodule of M, so AsNg = Ng(AsMs). Then,
we get (AN)g = AgNs = NsN(AsMg) = (NNAM)s. As, AN € N and AN € AM, so we get AN € NNAM and
as, Sy (AN)NS = @, by Theorem 2.6, we get NNAM < AN, so that AN = NNAM. Hence, N is a B —weakly
pure submodule of M.
As a corollary for above theorem we give the following.

Corollary 3.4. If N is a submodule of M such that Np is a weakly pure submodule of Mp, then N is a B —weakly
pure submodule of M.
Proof. By setting S = R \ P in Theorem 3.3, the result follows directly.

Next, we prove that prime submodules of locally multiplication modules are B —weakly pure.

Proposition 3.5. Let M be a locally multiplication R —module. If N is a prime submodule of M, then N is a
B —weakly pure submodule of M.
Proof. Let N be a submodule of M. As, N is prime, it is primal, so Sy;(N) is a proper ideal of R, and thus
Su(N) € P, for some maximal ideal P of R, then Mp is a multiplication Rp —module. By [2, Proposition 2.21],
we have Np is a prime submodule of Mp, so by [4, Theorem 1], we get Np is a weakly pure submodule of Mp.
Hence, by Corollary 3.4, we get N is a B —weakly pure submodule of M.

We introduce the following definitions.

Definition 3.6. We define B/®) as the set B/ = {A: A is a Boolean ideal of R such that Sg(4) S J(R)}.

Definition 3.7. Let N be a submodule of M. Define, W5 = {N: N is a weakly pure submodule of M such that
Su(N)NS = @}

Ii is clear that S = R \ P is a multiplicative system in R and we use the notation Wp to denote Wg\p and
since, Sy (N)N(R \ P) = @ if and only if Sy;(N) € P, so that Wy, = {N: N is a weakly pure submodule of M
such that Sy, (N) € P}.

Now, we prove the following result.

Proposition 3.8. Let M be a locally multiplication R —module and N € W5, for every prime

ideal P of R. If M is free and Sg(0), Sy, (0) S J(R), then A(N: M) = AN(N: M), for every A € B/®NBH.
Proof. Let A € B/®NBY, then A € B/®) and A € BY, so that A is a Boolean ideal of R, for which AM, AN <
M and SR(A)NS =0 =Sy (AN)NS and Sz(4) S J(R). If P is any maximal ideal of R, then Mp is a
multiplication module and as, Sg(0), Sy (0) S J(R), we get Sz(0),S5)(0) € P, so by Corollary 2.9, we have Mp
is free. As, Sp(A) € J(R), we get Sg(A) € P, so by Theorem 2.1, we get Ap is a Boolean ideal of Rp and as,
N € Wp, we have, N is a weakly pure submodule of M and S),(N) € P. As, Sz(0) € P, by Theorem 2.5, we get
Np is a weakly pure submodule of Mp. Hence, by [4, Theorem 2], we get Ap(Np: Mp) = ApN(Np: Mp). Next, as
Su(N) € P, we get (N:M)p = Np: Mp. Hence, we get (A(N: M))p = (AN(N: M))p and this result is true for
every maximal ideal P of R, so by [7, Proposition 3.13], we get A(N: M) = AN(N: M).

In the remaining two results of this paper, we give some different conditions by which we prove some
properties of weakly pure submodules of locally multiplication modules.
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Theorem 3.9. Let R be an integral domain and M be a locally multiplication R —module. If M is faithful and
cyclic and N is a proper finitely generated weakly pure submodule of M such that Sz (0), Sy, (N), Sy (0) S J(R),
then we have the following.

(1) (N: M) is an idempotent ideal of R.

(2) N = (N:M)N.

(3) N is an idempotent submodule of M.

(4) Ann(N) = Ann(N: M).

Proof. Let P be any maximal ideal of R. Then, one can easily get that Rp is an integral domain and Mp is a
multiplication Rp —module. If Np = Mp, then for x € M, we have% € Np and as Sy (N) € J(R) S P, so that by

[2, Lemma 2.1], we get x € N and thus, N = M, which is a contradiction. Hence, Np is a proper submodule of
Mp. Next, since, N is finitely generated, we get Np is finitely generated. Since, Sy;(0) € J(R) € P, by Theorem

2.5, we get Np is a weakly pure submodule of Mp. Let, M = Rx, for some x € M, then Mp = (Rx)p = Rp f, that

means, Mp is cyclic and as M is faithful, by [9, Proposition 3.14], we get Mp is faithful. Hence, we have the
following.

(1) By [4, Theorem 3], we get (Np: Mp) is an idempotent ideal of Rp. By, [1, Theorem 2.21], we get (N: M)p =
(Np:Mp), so that (N:M)p is an idempotent ideal of Rp, so that ((N:M)p)? = (N:M)p, then we get
((N:M)?)p = (N: M)p. Since, this result is true for every maximal ideal P of R, so by [7, Proposition 3.13], we
get (N: M)? = (N: M). Hence, (N: M) is an idempotent ideal of R.

(2) By [4, Corollary 4], we get Np = (Np: Mp)Np, so that Np = (Np: Mp)Np = ((N: M)N)p and as this result
holds for every maximal ideal P of R, by [7, Proposition 3.13], we get N = (N: M)N.

(3) Since, M is locally multiplication and Sy, (N) S J(R), so by [3, Theorem 3.2], we have N = (N: M)M, thus,
we get N2 = (N: M)2M = (N: M)M = N. Hence, N is idempotent.

(4) By [4, Corollary 5], we have Ann(Np) = Ann(Np: Mp). As, Sg(0),Sy(N) € P, we get (Ann(N: M))p =
Ann(Np: Mp) and as Sy (0) < J(R) € P, by [2, Proposition 2.5], we get (Ann(N))p = Ann(Np), so that we
have (Ann(N))p = (Ann(N: M))p and this result holds for every maximal ideal P of R, so by [7, Proposition
3.13], we get Ann(N) = Ann(N: M).

Proposition 3.10. Let M be a locally multiplication R —module. If M is prime and faithful, and N is a proper
weakly pure submodule of M such that S (0), Sy (N), Sy (0) < J(R), then we have the following.
(1) (N: M) is an idempotent ideal of R.
(2) N is an idempotent submodule of M.
(3) (N: M) is a Boolean ideal of R.
Furthermore, if N # 0, then
4) Ann(N: M) = 0.
(5) N is weakly prime if and only if it is a prime submodule of M.

Proof. Let P be any maximal ideal of R, then Mp is a multiplication Rp —module. Now, let %% = 0, for
reERmeM,p,q &P and% # 0. Then, trm = 0, for some t € P and m # 0, and as, M is a prime module, we
get trM = 0. Next, we have %MP = (%%Mp) = (trM)p = 0. Hence, Mp is a prime Rp —module. As, M is

faithful, by [9, Proposition 3.14], we get Mp is faithful. If Np = Mp, then for x € M, we have % € Np and as

Su(N) € J(R) € P, so that by [2, Lemma 2.1], we get x € N and thus, N = M, which is a contradiction. Hence,
Np is a proper submodule of Mp. Since, Sy(0) S J(R) € P, by Theorem 2.5, we get Np is a weakly pure
submodule of Mp. Hence, by [8, Theorem 2], we have the following.

(i) (Np: Mp) is an idempotent ideal of Rp and
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(ii) (Np: Mp) is a Boolean ideal of Rp.

Then, since, Sy (N) € P, so by the same argument as in Theorem 3.9 (1), we get (N: M) is an idempotent ideal
of R and this proves (1). Next, as M is a locally multiplication module, so by [3, Theorem 3.2], we have N =
(N:M)M, then N? = (N: M)?M = (N:M)M = N, so that N is idempotent and this proves (2). Since, Sy, (N) S
P, so by [1, Theorem 2.21], we have (N: M)p = (Np: Mp). Now, let r € (N: M) be any element, then we have
EE (N:M)p, then, we have §= (g)2 = g, so t(r?—r) =0, for some t € P. If %2 —r # 0, then we get
t € Sg(0) € J(R) S P, which is a contradiction, so that 72 = r. Hence, (N: M) is a Boolean ideal of R and this
proves (3). If Np = 0, then by [2, Lemma 2.1], we get N = 0, which is a contradiction, so that Np # 0. Hence,
by [8, Corollary 4], we get Ann(Np:Mp) = 0. Since, Sg(0),Sy(N) S P, so we get (Ann(N:M))p =
Ann(Np: Mp) = 0. As, Sg(0) € P, by [2, Lemma 2.1], we get Ann(N: M) = 0, this proves (4). To prove (5), we
have 0 # Np is a proper weakly pure submodule of the prime multiplication faithful module Np, so by [2,
Proposition 2.21] and [8, Theorem 5], we have N is weakly prime if and only if Np is weakly prime if and only if

Np is prime if and only if N is a prime submodule of M.
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